Abstract. Two non-discrete Hausdorff group topologies τ, δ on a group G are called transversal if the least upper bound τ ∨ δ of τ and δ is the discrete topology. In this paper, we main discuss the transversality of locally pseudocompact, locally precompact or locally compact groups. We prove that each locally pseudocompact, connected topological group satisfies CSP, which gives an affirmative answer to [6, Problem 6.3]. For a compact normal subgroup K of a locally compact totally disconnected group G (or a locally precompact abelian group G), if G admits a transversal group topology then G/K admits a transversal group topology, which give some partial answers to [6, Problem 6.1]. Moreover, we characterize some classes of locally compact groups that admit a transversal group topology.
Introduction
Two non-discrete Hausdorff group topologies τ, δ on a group G are called transversal if the least upper bound τ ∨ δ of τ and δ is the discrete topology. Indeed, the transversality, which was introduced in [13] , is a "half" of the stronger concept of complementarity introduced by Birkhoff [3] . The research of transversal group topologies on abelian groups was initiated in [5] and [15] . In [6] , D. Dikranjan, M. Tkachenko and I. Yaschenko continued the study of transversal group topologies on non-abelian groups; in particular, they obtained the duality principle for transversal topologies, and discussed the impact of weak commutativity and weak ω-bounded on transversality. The following three problems were posed in [6] . Note From [5, Example 5.4] , we see that G/K admitting a transversal group topology does not imply G admitting a transversal group topology.
Problem 1.2. [6, Problem 6.2] Characterize the locally compact groups that admit a transversal group topology.
A topological space is said to be pseudocompact if its image under any continuous function to R is bounded.
Problem 1.3. [6, Problem 6.3] Can local compactness in Theorem 3.4 be replaced by local pseudocompactness?
In this paper, we shall give an affirmative answer to Problem 1.3 and some partial answers to Problems 1.1 and 1.2 respectively. The paper is organized as follows.
In Section 2, we introduce the necessary notation and terminology which are used for the rest of the paper. In Section 3, we investigate the locally pseudocompact connected topological group. We prove that each locally pseudocompact, connected topological group satisfies CSP, which gives an affirmative answer to [6, Problem 6.3] . Moreover, we discuss the transversality of some classes of locally pseudocompact groups, which extend some results in [6] . In Section 4, we study the transversality of locally precompact groups. In particular, we prove that for a locally precompact abelian group G and an any compact subgroup K, if G admits a transversal group topology then G/K also admits a transversal group topology, which gives a partial answer to Problem 1.1. In Section 5, we mainly discuss central topological groups. First, we give a complete characterization of central topological groups that admit a transversal group topology. Moreover, we prove that for a connected central topological group G and an any compact subgroup K, if G admits a transversal group topology then G/K also admits a transversal group topology, which also gives a partial answer to Problem 1.1.
Notation and terminology
We denote by N and R the set of all positive integers and the reals, respectively, by P the set of primes. For undefined notation and terminology, the reader may refer to [2] and [7] .
For a group G, we denote by e the neutral element, by Z(G) the center of G, by C(G) the connected component of the neutral element. The socle of G is defined by
The group G is called divisible if for every g ∈ G and n ∈ N the equation x n = g has a solution in G. Abelian groups will be written additively. If G is a topological group, then its index of narrowness in(G) is the minimal infinite cardinal number κ such that G can be covered by at most κ translates of each neighborhood of the neutral element. Topological group G satisfying in(G) ≤ ω is called ω-narrow. The topological group G is called precompact if G can be covered by finitely many translates of each neighborhood of the neutral element. The concept of precompactness admits a natural extension to subsets of topological groups as follows. A subset B of a topological group G is said to be precompact in G, if for each neighbourhood U of the identity in G, one can find a finite set F ⊂ G such that B ⊂ F U and B ⊂ U F . It is well known that all separable groups and σ-compact groups are ω-narrow and each pseudocompact topological group is precompact, see [2] .
A topological group G is said to be locally compact (resp., locally pseudocompact, locally precompact) if there exists a neighborhood U of the neutral element e such that U is compact (resp., pseudocompact, precompact).
Definition 2.1. [6] An infinite group G is said to be weakly abelian if for each countable set U ⊂ G, there exists a finite set F ⊂ G such that x∈F U x ⊂ Z(G), where U x denotes the set
The class of topological groups that admit a transversal group topology is denoted by Trans. Recall that a topological group G satisfies the central subgroup paradigm [6] , briefly,
For a topological group G and each g ∈ G, let c G (g) = {x ∈ G : xg = gx} be the centralizer [6] of g in G. Obviously, each c G (g) is a closed subgoup. Consider the following condition on G:
locally pseudocompact connected topological groups
In this section, we mainly discuss the transversality of locally pseudocompact connected topological groups, and give an affirmative answer to Problem 1.3. First, we recall a principal result about topological groups which we need in the sequel is stated in Theorem 3.1. Proof. Let G be a locally pseudocompact, connected topological group. By Theorem 3.1, it follows that G can embed as a dense topological subgroup of a locally compact group G. Since G is connected and dense in G, we see that G must be connected. Then G is a locally compact, connected topological group, hence is σ-compact and thus ω-narrow. Then it follows from [2, Proposition 5.1.1] that G is also ω-narrow. By the connectedness of G, we see that G satisfies (NC). Since G is a locally pseudocompact, G is locally Baire and, hence, it is Baire. From [6, Lemma 2.12], we know that a Baire topological group satisfying (NC) is weakly abelian. Then G is a weak abelian, ω-narrow topological group, hence it follows from [6 We conjecture the following question is positive.
Question 3.5. Let G be a connected locally pseudocompact group. If G is not transversable, is Z(G) precompact?
The following theorem gives a partial answer to Question 3.5.
Theorem 3.6. Let G be a connected locally pseudocompact group and Z(G) be divisible or finitely generated. Then G is not transversable if and only if Z(G) is precompact. In particular, if G is locally compact, then G is not transversable if and only if Z(G) is compact.
Proof. Sufficiency. Assume Z(G) is precompact. By Theorem 3.2, G is not transversable.
Necessity. Suppose that G is not transversable. We prove that Z(G) is precompact. Suppose not, if Z(G) is infinite discrete, then G is transversable by [5, Corollary 3.9] , which is a contradiction. Hence it suffices to consider that Z(G) is non-discrete. Since Z(G) is divisible or finitely generated, it follows from [5, Lemma 4.8 and Theorem 4.6] that Z(G) is transversable. By Applying [5, Corollary 3.9] again, it follows that G is transversable, which is a contradiction. Therefore, Z(G) is precompact.
By the proof of Theorem 3.6, we have the following corollary. From the proof of Theorem 3.2 it follows that in(G) ≥ c implies that the locally pseudocompact group G is not connected or separable. Therefore, no locally pseudocompact group that is either connected or separable can have a locally compact transversal group topology. Moreover, we have the following question.
Question 3.11. If G is a locally pseudocompact group admitting a locally pseudocompact transversal group topology, does in(G) ≥ c or |G/C(G)| ≥ c hold?

locally precompact topological groups
In this section, we mainly discuss the transversality of the locally precompct topological groups, and give some partial answers to Problems 1.1 and 1.2 respectively. The following Theorem 4.1, which was proved in [5] , gives a characterization of a locally precompact abelian group admitting a transversal group topology.
Theorem 4.1. [5, Theorem 5.18] Let G be a locally precompact non-discrete abelian group. Then G does not admit a transversal group topology if and only if there exists n ∈ N such that nG + Soc(G) is precompact, if and only if there exists n ∈ N such that nG and Soc(G) are precompact.
By Theorem 4.1, we have the following corollary, which also gives a partial answer to Problem 1.2. The infimum M G of all maximal non-discrete group topologies on G, that is, the submaximal group topology of G. Recall that a topological space is sequentially compact if every sequence in it has a convergent subsequence.
Corollary 4.2. Let G be a locally precompact abelian group such that each open precompact subgroup is sequentially compact. Then G admits a transversal group topology.
Proof. If G is discrete, then it is obvious. Hence it suffices to consider that G is non-discrete. Assume that G does not admit a transversal group topology. By Theorem 4.1, there exists n ∈ N such that nG + Soc(G) is precompact. Obviously, Proof. By Lemma 4.4, we see that H is abelian and locally precompact.
Clearly, H ∈ Trans if G ∈ Trans. Hence it suffices to consider the sufficiency. Assume that H ∈ Trans. We prove that G ∈ Trans. Suppose not, then it follows from Theorem 4.1 that there exists n ∈ N such that nG and Soc(G) are precompact. Since G is dense in H, it is easy to see that nG H = nH and Soc(G) H = Soc(H). Then it follows from [2, Lemma 3.7.5] that nH and Soc(H) are all precompact, hence nH + Soc(H) is precompact. Therefore, H does not admit a transversal group topology by Theorem 4.1, which is a contradiction. Therefore, G ∈ Trans.
Let G be a topological group and K a compact normal subgroup of G. For convenience, we say that G satisfies △ if G ∈ Trans implies G/K ∈ Trans. Proof. Clearly, G and G/K are dense in H and H/K respectively. Moreover, G/K and H/K are all locally precompact. By Lemma 4.5, we easily see that theorem holds.
Theorem 4.7. Let G be a locally precompact abelian topological group, then G satisfies △.
Proof. In [6] , D. Dikranjan, M. Tkachenko and I. Yaschenko proved that G satisfies △ for a locally compact abelian group. Moreover, since G is a locally precompact abelian topological group, it follows from Theorem 4.1 that G can embed as a dense topological subgroup of a locally compact abelian group G. Hence we obtain the result by Theorem 4.6.
central topological groups
In this section, we mainly discuss central topological groups, which give some partial answers to Problems 1.1 and 1.2 respectively. Recall that a locally compact topological group G is a central topological group [8] if G/Z(G) is compact. First, we give a complete characterization of central topological groups that admit a transversal group topology. [5, Proposition 3.12] , it follows that τ M G if and only if F ∈ M G . Then G admits a transversal group topology by [5, Lemma 3.1] .
Necessity. Assume that G admits a transversal group topology, and suppose that G does not contain a central subgroup homeomorphic to Z. Since G is a central topological group, it follows from [8, Theorem 4.4] that G = V × O, where V is vector group being central in G and O is a locally compact group containing a compact normal subgroup F which is open in O. We claim that V = {0}. Suppose not, take any a = (x, y) ∈ G ∩ (V × F ) such that x ∈ V \ {0}. It easily see that the infinite cyclic group < a > is a discrete subgroup of G and contains a subgroup which is topologically isomorphic to Z, which is a contradiction. Therefore, G = O, hence G contains an open compact subgroup F . Since G admits a transversal group topology and F is open compact in G, it follows from the proof of sufficiency that F ∈ M G . In Theorem 5.3, G is a connected central topological group. Then it is natural to consider the non-connected locally compact group. Hence we have the following theorem. Recall that a space X is totally disconnected if each connected subspace is a singleton.
Proof. Let K be an any normal compact subgroup of G. Since G is a locally compact totally disconnected group, it follows from [10, Theorem 2] that there exists an open compact subgroup L such that K ⊂ L. Assume that G ∈ Trans, then there exists a group topology σ which is transversal with τ . We claim that (G/K) τ and (G/K) σ are transversal, where (G/K) τ and (G/K) σ denote the quotient group topologies under the group topologies τ and σ respectively. Indeed, since L is compact in τ , it follows from [5, Corollary 3.14] that there exists an open neighborhood V of e in σ such that V ∩ L = {e}, hence V L ∩ L = {e}, which implies that (G/K) τ and (G/K) σ are transversal.
Question 5.5. If G is a locally pseudocompact totally disconnected topological group, then does G satisfy △?
Finally, we give a central topological group G such that G admits a transversal group topology; however, it is not connected and does not contain any non-trivial discrete subgroup. 
